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Abstract. In a recent paper, we considered integers n for which the polynomial x" — 1 
has a divisor in Z[x] of every degree up to n, and we gave upper and lower bounds for their 
distribution. In this paper, we consider those n for which the polynomial x" — 1 has a divisor 
in ¥p[x] of every degree up to n, where p is a rational prime. Assuming the validity of the 
Generalized Riemann Hypothesis, we show that such integers n have asymptotic density 0. 



1. Introduction and statement of results 



In a recent paper [10], we examined the question "How often does — 1 have a divisor in 
Z[x] of every degree between 1 and n?" We called an integer n with this property (p-practical 
and showed that 

^{n < X : n is (/3-practical} x — . 

logX 

We examined variants of this question over other polynomial rings in |8] and [H]. In [8], 
Pollack and I extended the notion of (^-practical by defining an integer n to be F-practical 
if x" — 1 has a divisor of every degree between 1 and n over a number field F. We showed 
that, for any number field F, 

i^{n < X : n is F-practical} . 

logX 



We shifted our focus to fields with positive characteristic in fll]. For each rational prime 
p, we defined an integer n to be p-practical if — 1 has a divisor in F[x] of every degree 
between 1 and n. Since every (y9-practical number is p-practical for all p, our work from [lOj 
immediately implies that < X : n is p-practical} is at least a positive constant times 
-[^^- Moreover, we showed in [llj that 

^{n < X : n is p-practical for all p} <^ 



logX 

and that, for any fixed p, 

^{n < X : n is p-practical but not (y9-practical} ^ 



logX 
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The difficulty lies in finding an upper bound for the count of integers up to X that are 
p-practical for an arbitrary but fixed prime p. This will be the subject of our present 
investigation. 

For each fixed prime p, we define 

Fp{X) :— #{n < X -.nis p-practical}. 

Computational data seem to suggest an estimate for the order of magnitude of Fp{X). For 
example, when p — 2, we can use Sage to compute a table of ratios of F2{X)/y^^. 



X 


F2{X) 


F2(X)/(X/logX) 


10^ 


34 


1.565758 


10^ 


243 


1.678585 


10^ 


1790 


1.648651 


10^ 


14703 


1.692745 


10^ 


120276 


1.661674 


10^ 


1030279 


1.660614 



Table 1 . Ratios for 2-practicals 



The table looks similar for other small values of p. For example, when p = 3, 5 we have: 



X 


FsiX) 


Fs{X)/{X/\ogX) 


10^ 


41 


1.888120 


10^ 


258 


1.782201 


10^ 


1881 


1.732465 


10^ 


15069 


1.734883 


10^ 


127350 


1.759405 


10' 


1080749 


1.741962 


Table 2. Ratios for 3-practicals 


X 


F,{X) 


F,{X)/{X/\ogX) 


10^ 


46 


2.118378 


10^ 


286 


1.975618 


10^ 


2179 


2.006933 


10^ 


16847 


1.939583 


10^ 


141446 


1.954149 


10^ 


1223577 


1.972173 



Table 3. Ratios for 5-practicals 



The fact that the sequences of ratios appear to vary slowly suggests the following conjec- 
ture: 
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Conjecture 1.1. For each prime p, limx^-oo -^p(-^)/i^;^ exists. 

The strongest bound that we have been able to prove in this vein is as follows: 
Theorem 1.2. Letp be a prime number. Assuming that the Generalized Riemann Hypothesis 



Here we use a version of the Generalized Riemann Hypothesis for Kummerian fields. The 
dependence on the GRH arises from a lemma of Li and Pomerance that we will use in Section 
2. 

For ease of reference, we compile a list of the common notation that will be used throughout 
this paper. Let n always represent a positive integer. Let p and q, as well as any subscripted 
variations, be primes. Let P{n) denote the largest prime factor of n, with P(l) = 1. We say 
that an integer n is 5-smooth if P{n) < B. We will use P^{n) to denote the smallest prime 
factor of n, with -P~(l) = +oo. 

We will use several common arithmetic functions in this body of work. Let T{n) denote 
the number of positive divisors of n. We use Vt{n) to denote the number of prime factors of 
n counting multiplicity. Lastly, let A(n) denote the Carmichael A- function, which represents 
the exponent of the multiplicative group of integers modulo n. 



In this section, we provide some preliminary lemmas that will be used in the proof of 
Theorem 11.21 We begin by discussing multiplicative orders and their connection to the p- 
practical numbers. Let C,a{n) denote the multiplicative order of a modulo n for integers a 
with (a,n) = 1. If {a,n) > 1, let n(a) represent the largest divisor of n that is coprime to a, 
and let C*a{n) = £a(^(a))- In particular, if (a,n) = 1, then £*(n) = Cain). In [11], we gave an 
alternative characterization of the p-practical numbers in terms of the function •^p(n), which 
we state here lemma: 

Lemma 2.1. An integer n is p-practical if and only if every m with 1 < m < n can be 
written as m = J2d\n'^pi^)''^d, where Ud is an integer with < Ud < 

Throughout the remainder of this section, let a > 1 be an integer and let Aq denote the 

set of primes p = 1 (mod q) with a =1 (mod p). We will make use of several lemmas 
from [5j, which we state here for the sake of completeness. 

Lemma 2.2 (Li, Pomerance). Let ip{X) be an arbitrary function for which ipi^) = 

and ipi^) ^ log log X. The number of integers n < X divisible by a prime p > ipiX) with 




2. Preliminary lemmas 



IS 0{ 



X 



logp 



logV(X) 
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Lemma 2.3 (Li, Pomerance). The number of integers n < X divisible by a prime p = 1 
(mod q) with 

< p < \og^ q 



4 log q 

V <? log g ^ 

Lemma 2.4 (Li, Pomerance). (GRH) Suppose that q is an odd prime and that a is not a 
qth pp^gj.^ number of integers n < X divisible by a prime p E Aq with p > q^ log^ q is 

0(^ + . 

\q\ogq q^ J 

Next, we present a version of Proposition 1 from Li and Pomerance's paper [5], which will 
play an important role in obtaining the bound stated in Theorem 11.21 As in [5] , our lemma 
will make use of Lemma I2.4( thus, it will depend on the validity of the Generalized Riemann 
Hypothesis. 

Lemma 2.5. (GRH) Let a be a positive integer. Letip{X) be defined as in Lemma lKB . The 
number of integers n < X with P{,jr^) > ^{X) is Q( ^'iog^^(xj^^ )• 

Proof. Suppose that n < X and q = P{X{n)/i*{n)) > ipiX). We may assume that X is 
large, so a is not a g*^ power and ip{X) > a. Moreover, as we will now show, it must be the 
case that either q"^ \ n or p \ n for some p E Aq. Observe that 

I A(n) lcmpe||„ [\{p^)] r A(p^) 

^1 ^:(n) I icm,e||„ [£:(pe)] I '^^^11" 



In particular, q must divide ^jf 1 for some prime p. If g = p, then q \ \{p'^) implies that 



e > 2, so I ra. If g 7^ p, then g | so p > q > ij{X) > a. Thus, il{p) = C-aip) \ so 
p \ a 1 — 1, which implies that p E A, 



q- 



To handle the case where g^ | n, we observe that 

4^{n < X : g^ I n for some prime g > ipi^X)} < 



q>i>{X) 
q prime 



X 

^2 



X 



<x y 1< 

^ g2 ihiX) 

q prime 



Thus, we may assume that n is divisible by a prime p E Aq with p > a. 

By Lemma |2.2[ we may assume that i^ip) — P^^'^/^ogp. However, since p E Aq implies 

p— 1 2 

that a~ = 1 (mod p), then ia{p) < so p > (j^^r^- Thus, we can use Lemmas 12.31 and 
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12.41 to deal with the remaining values of n < X. In particular, we have 
i^{n < X : p \ n for some p E Ag with p > / (4 log^ g)} 



< < X : p \ n for some p = 1 (mod q) with p G ( 9'^ 9']} 

4 log g 



+ < X : p I 72 for some p E Aq with p > q log g} 

X log logo X X log log X 

2.1 < ^^ + -, + ^T^' 

q log g g log g g^ 

where the final inequality follows from Lemmas 12.31 and 12.41 Since our hypotheses specify 
that g > ipiX), then the bound given in (12. ip implies 

i^{n < X : q > ipi^) P I fo^' some p E Ag} 
log log g log log X ' 



«x V + 

^ glogg g^ 



XloglogV'(X) 
log^(X) • 

□ 

3. Key lemma 

The key to proving Theorem 11.21 rests in showing that ip{n) is usually not too small. We 
make this statement precise with the following lemma: 

Lemma 3.1. (GRH) Let 9 be a constant satisfying < 9 < j^. LetY = eiio(i°g^)'(i°si°s^)'. 
For all a > 1 and X sufficiently large, uniformly in 9, we have 

(3.1) #{n < X : ilin) < — ^} « ^ 



yg(logX)«J (log X)^ log log X' 



Before we prove Lemma 13.11 we will introduce three additional results, the first of which 
is due to Friedlander, Pomerance and Shparlinski [2] and the last of which is due to Luca 
and Pollack [6]. 

Lemma 3.2. For sufficiently large numbers X and for A > (log log X)^, the number of 
positive integers n < X with 

\{n) < nexp(— A) 

is at most Xexp(-0.69(AlogA)i/3)^ 

Corollary 3.3. Let 9 be as in Lemma \3. 1[ For sufficiently large X, the number of positive 
integers n < X with 

X{n) < ^ 



is at most X/e^^^s^)"^'. 
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Proof. Trivially, there are at most X/ exp((logX)^/^) values of n < X/ exp((logX)^/^) with 
\{n) < X/exp((logX)''). On the other hand, if X/ exp((logX)''/2) < n < X, then X < 
n exp((logX)^/^). Thus, for large X, we have 

X , _ X 1 „ f . _ ne(i°s^)''" 



< # J n < X : \{n) < 



Applying Lemma [3^ with A = ^(logX)^, we see that this is at most X/ exp(2(logX)^/'^). 
Therefore, 

f X 1 X X X 

if\n<X: X{n) < -rr-^ \ < ^r-^ + ^,en < 



(logX)« - (logX)9/2 p2(logX)9/3 - „(logX)«/3 



□ 



Lemma 3.4. for Q( (io^)3 ) choices of n < X , we have 

n{^{n)) < 110(loglogX)l 

We will use these results in the proof of Lemma 13. H which we present below. 

Proof. Let 9 be such that ^ < ^ < ^, let -B = e^'"^^^" and let u{n) denote the 5-smooth 
part of A(n). Let Y be defined as in the statement of Lemma 13.11 If A(n) has a large B- 
smooth part, say u{n) > Y, then so does ^p{n), since u{n) must divide (p{n) as well. First, 
we will estimate the number of < X for which u{n) > Y. Let Q{u{n)) = k. By definition, 
all prime factors of u(n) are at most e*-^"^"^-* . Thus, we have 

Y < u(n) < (e(^°«^)')^ 



Solving for k, we obtain k > llO(loglogX)^. However, Lemma 13.41 implies that k < 

X 

.(logX)3, 



llO(loglogX)^ except for 0{ ,, ^ns ) values of < X. Hence, we can conclude that there are 



at most Q( (iogx)3 ) values of n for which the i?-smooth part of X{n) is larger than Y. Thus, 
using Lemma [3.31 we have 

X X 
^ e(i°g^)''/' ^ (logX)3- 
However, if we take ipiX) = F exp{(logX)^} then we can use Lemma [2.51 to show that, for 
all but Q( (ic,gx)^'kigiogjy ) choices of ri < X, we have | i*a{n). Therefore, we have 

tin) > > 
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(logX)O log log X- 

4. Proof of Theorem 11.21 



except for at most 0{ ,^^ x)<no lo x ) values of n < X. □ 



In this section, we present the proof of our main theorem. We begin by discussing the 
remaining lemmas that we will need in order to complete the argument. Let n be a positive 
integer, with di < d2 < ■ ■ ■ < dr{n) its increasing sequence of divisors. Let Z > 2. We say 
that n is Z-dense if maxi<j<^(„) < Z holds. The following lemma, due to Saias (cf. [9l 
Theorem 1]), describes the count of integers with Z-dense divisors. 

Lemma 4.1 (Saias). For X > Z > 2, we have 
(4.1) #{n <X:nis Z-dense} < 



logX 



The next lemma is due essentially to Friedlander, Pomerance and Shparlinski (cf. [21 
Lemma 2]). 

Lemma 4.2. Let n and d he positive integers with d \ n. Then, for any rational prime p, 
we have < 



11(d) - £;{n)- 

Proof. The result is proven in [2j when {p,n) = 1. In the case where {p,n) > 1, let and 
(i(p) represent the largest divisors of n and d that are coprime to p, respectively. Then 

d n 

< 



d(p) Hp) ' 

since the highest power of p dividing d is at most the highest power of p dividing n. After a 
rearrangement, we have 

n - n^p) - £;(n)' 

where the final inequality follows from the coprime case. □ 

We will also use the following elementary lemma: 
Lemma 4.3. Let X > 2 and let k, > 1. Then, we have 

< X : Tin) > /t} < -XlogX. 

K 



Proof. We observe that 



n<X n<X d\n d<X 



The number of terms in the sum on the left-hand side of the equation that are > k is 
< iXlogX □ 
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Now we have all of the tools needed to prove Theorem 11.21 Below, we present its proof. 

Proof. Let n be a positive integer with divisors di < d2 < ■ ■ ■ < dr{n) ■ Let p be a rational 
prime with p \ n. Let 9 and Y be as in Lemma (3.11 In (14. ip . set Z = Y^. Assume that n 
is not in the set of size 0(X logF^/logX) of integers with y^-dense divisors. Then there 
exists an index j with 

(4.2) ^ > Y\ 

dj 

Moreover, we can use Lemma 14.31 to show that 

(4.3) #{n < X : Tin) > F/eC-^)^} « ^^^'"^'^"g^ . 

As a result, we will assume hereafter that r(n) < Y/e^^"^^^" . Examining the ratios we 
remark that it is always the case that di = 1 and d2 = P^{n); hence, we have 

^ n<X q<Y2 ^ 

p-(n)>Y^ 

where the final inequality follows from applying Brun's Sieve (cf. |.3, Theorem 2.2]). By 
Mertens' Theorem (cf. ^ Theorem 3.15]), we have 

Now, suppose that k > 1. On one hand, for all A; > 1, we have 

(4.5) 1 + J2^;{di)^, = 1 + $:^(rfO < kd, < re-('°s^)^4. 

i<k i<k 

On the other hand. Lemma [3.11 implies that i*{n) > ^ (^i^^xf ^'^^ 

^^■^^ ^ ( (log X)^ log log X, 

integers n < X. For such numbers n, for all i > 1, we have 



2 



(4.7) r(rf,+,) > > ^^-^ > Y..e = Ye-^'^^^'^'d, 

where the inequalities follow, respectively, from Lemma 14. 2[ Lemma 13.11 and the assumption 
that there exists an index j for which fl4.2p holds. As a result, we can combine the inequality 
from (14. 5 p applied with k = j with fl4.7p to show that 
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holds for all i > 1. Thus, — 1 has no divisor of degree 1 + J2i<j vi^i) I^pN; so n is not 
p-practical. Therefore, by ( I4.ip . f l4.3p . (14 ■4p and (14. 6p . we have 

, XlogF Xe(i°g^)'logX X X 

(4-8) F,{X) « -J- + — ^ + t:-v + 



logX r logF (log X)'' log log X' 

Now, the only significant terms in (14. 8 p are (iogx)'>TogiogX lof^T- Equating these ex- 
pressions and using the fact that Y = eiio{iogX)''(iogiogX)2^ obtain = ^ — ^|°^^^ as a 
good choice for 9. Plugging this value of 9 into the bound (logx)^^og logX yields a bound of 
O ^Xy^^2S^^£2£ j for the size of the set of p-practicals up to X. □ 
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